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Abstract. We prove the existence of defective secant varieties of three-factor 
and four-factor Segre- Veronese varieties embedded in certain multi-degree. 
These defective secant varieties were previously unknown and are of impor- 
tance in the classification of defective secant varieties of Segre- Veronese vari- 
eties with three or more factors. 



1. Introduction 

Let X be a non-degenerate projective variety in projective space and let 
pi, . . . ,Ps be linearly independent points of X. Then the (s — l)-plane {pi, . . . ,ps) 
spanned hy pi, ... ,ps is called a secant (s — 1) -plane to X. The Zariski closure 
of the union of all secant (s — l)-planes to X is called the s*'^ secant variety of 
X and denoted by as{X). A basic question about secant varieties is to find their 
dimensions. A simple dimension count indicates 

dimcr5(X) < min{s(dimX + !)-!, N}. 

If equality holds, we say that as{X) has the expected dimension. Otherwise as{X) 
is said to be defective. 

In 1995, Alexander and Hirschowitz [4] finished classifying all the defective secant 
varieties of Veronese varieties. This work completed the Waring- type problem for 
polynomials, which had remained unsolved for some time. There are corresponding 
conjccturally complete lists of defective secant varieties for Segre varieties (see H]) 
and for Grassmann varieties (see [8l[5]). Very recently, the defectivity of two- factor 
Scgrc- Veronese varieties was systematically studied in [T| , where wc suggested that 
secant varieties of two-factor Scgrc- Veronese varieties arc not defective modulo a 
fully described list of exceptions. However, the secant defectivity of more general 
Scgrc- Veronese varieties is still less wcU-undcrstood. 

In this paper we explore higher secant varieties of Segre- Veronese varieties with 
three or more factors. Let n = (ng, . . . , nfc_i) be a fc-tuple of positive inte- 
gers and let An,d be the Segre- Veronese variety Jl to^ embedded in multi- 
degree d = (do, • ■ • , dk-i). In U, we generalized the so-called methode d'Horace 
differentielle, which was first introduced in [3] by Alexander and Hirschowitz for 
studying secant varieties of Veronese varieties, to Segre- Veronese varieties. This 
differential Horace method allows one to check whether crs(An_d) has the expected 
dimension by induction on n and d. In order to apply the Horace method, one needs 
initial cases regarding cither dimensions or degrees. It is therefore vital to classify 
defective secant varieties of Segre- Veronese varieties embedded in lower multi-degree 
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including (1, . . . , 1, d). A significant step toward the completion of such a classifi- 
cation problem is to detect previously unknown defective cases. The main purpose 
of this paper is to show that certain three-factor and four-factor Scgre- Veronese 
varieties X„.d with d = (1, . . . , 1, d), d > 2, have defective secant varieties, most of 
which were not known before. It is worth noting that some of these defective cases 
have already been discovered by Catalisano, Gcramita and Gimigliano in [7] and 
also by Carlini and Catalisano [6]. The examples discussed in this paper can thus 
be naturally viewed as an extension of their results. 

The idea of the proof is to find a non-singular rational subvariety Cg-i of X^ ^ 
passing through s generic points of X^.d- The existence of such a subvariety pro- 
vides an upper bound of dimas{Xn_d)', namely, 

dimas{Xn.d) < s (dimXn.d — dimCs_i) + dim(Cs_i), 

where (Cg-i) is the linear span of Cg-i- We will then show that if /c G {3, 4}, there 
are infinitely many (n, s) such that the right hand side of the above inequality is 
strictly smaller than 

min |. (^g n, + 1^ - 1, ("'^"^^ Uin, + 1) - l| . 

This establishes the detectivity of surprisingly many asiX^^d)- 

2. Preliminaries 

For a given non-negative integer fc, let x be an ordered list of k integers. We write 
x[i] for the i**^ element of x for every i € {0, . . . , fc — 1}. We sometimes write x[— i] 
instead of x[fc — i]. This is useful if the number of elements in x is not specified. 
For a non-empty subset {iq, . . . , ia-i} of {0, . . . , fc — 1}, 

x[{io,...,ia-i}] = {x[j] I j e {io,...,ia-i}}. 

We also write x [iq, . . . , ia-i] for x [{io, ■ ■ ■ , ia-i}]- Thus x[i] also means the one- 
element list consisting of the i**^ element of x. Let i be a non-negative integer and 
let a be a positive integer with i < k — a. Then 

x[i, . . . , -a] = {x[j] \ i<j<k~a}. 

For two ordered lists of k integers x and y, we say that x > y if x[i] > y[i] for 
every ie{0,...,fc — 1} and we denote by x — y the difference of two vectors. 
Define a function N : (Z>o)'= x (Z>o)'= N by 

and a function D : (Z>o)'^ ^ N by 

/c— 1 

i?(n)=^nW. 

4=0 

Let K denote an algebraically closed field of characteristic and let V be an 
(n 4- l)-dimcnsional vector space over K with basis {ep, . . . , e„}. Then we denote 

by 

- V* = HomK(V^, K) the dual of V, 

- {ejj, . . . , e* } a dual basis for V* with relation e*(ej) = J^j, 
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- Sym^V^ the d symmetric power of V, 

- PV the projective space of V, 

- [v] G FV the equivalence class containing v G V \ {0}, 

- (S) the linear span of S* if 5 is a subset of PV, 

- Vd the d"^ Veronese map from PV to PSym^y, i.e., the map given by sending 
[v] to [v'^]. 

- X the afhne cone over a variety X C PV in V. 

- Tp{X) the projective tangent space to a variety X C PV^ ai p ^ X. 

Let fc be a positive integer, let n and d be two /c-tuplcs of positive integers. For 
each i G {0, . . . , fc — 1}, let 1^ be an (n[i] + l)-dimensional vector space over K with 
basis Si = {ei^Oj • ■ • j ei^n[i]}- Then we call an element of the N{n, d)-dimensional 
vector space (3)j^o ^y^dfi]^ ^ partially symmetric tensor, because it is invariant 
under the natural action of the symmetric group on Si for each i £ {0,...,fc — 1}. 

A partially symmetric tensor t G ^i^Q Sym^jj]!^ is said to have rank one if t 

is of the form Uq'°' ® ■ • • O ^' for some u; G V^. We say that t has rank s if t 
can be written as a linear combination of s rank-one partially symmetric tensors, 
but not fewer. In other words, t has rank s if it lies in the linear span of s linearly 
independent rank one partially symmetric tensors in ^i^Q Sym^jj]!^. 

Now consider the map from ni=o^ Sy™^d[i]^j to ^^Iq Sym^^^^Vi given by send- 
ing ^Uo'°', • • • , u^^^-^ to Uq'°' (g) • • ■ u^^^^ This induces the embedding of 
nto ^dw(FV^O to P {iS)to Symd[,]F,) . The image of Uto ^d[,](P"t^.) under this 
embedding is called a Segre- Veronese variety and denoted by Seg ^04=0^ ^d[i] (P^j)) 
or Xn,d- Note that the affinc cone over the _D(n)-dimensional variety Xn,d in 
®i=o Sy^dfj]^ is the set of non-zero rank-one partially symmetric tensors. 

Recall that a secant (s — l)-planc to X^ a is the linear span of s linearly in- 
dependent points in Xn,d- By definition, it is clear that points which lie in a 
secant (s — 1) -plane to ^ correspond to rank-s partially symmetric tensors in 
®\=o ^yuid[j]^- Thus (Ts (^n,d) can be viewed as the projectivization of the closure 
of the set of partially symmetric tensors of rank at most s. 

In order to check the defectivity of crs(-^n,d), we need to determine whether the 
equality 

dimCT^(X„,d) = min{s [D(n) + 1] , Af(n,d)} - 1 

holds. To find the dimension of (Ts(X„_d), it is sufficient to compute the dimension 
of the tangent space T|j[CTs(Xn.d)] to cts (Xn.d) at a generic point q. To do so, it is 
useful to use the following classical theorem called Terracini's lemma: 

Theorem 2.1 (Terracini's Lemma). Let pi, . . . ,ps be generic points of X^ ^ and 
let q be a generic point q of {pi, . . . ,Ps). Then 

Tq[(Ts (Xn,d)] = (Tpi (-'^n,d), ■ ■ ■ ,Tp^ (-''^n.d)} ■ 

Remark 2.2. Let Ui, Vi G 14\{0} for each i G {0, . . . , k—1}. Consider the parametric 
curve given by (uq -I- evo)'^^^^ ® • ■ • (g) {uk^i + eufc-i)**''^""^', for e G K. Taking the 
derivative of this parametric curve at e proves that the affine cone over the 
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tangent space to Xn,d at p = |^Uo C3 


^ d[fe-l]" 
■■■®^k-l 


k-1 

1=0 


•••S5ufl-^ 


Thus Tp{Xn.d) is represented by a 





in 0.^=0^ SynidmF, is given by 



d[fc-l] 



X A''(n,d) matrix. In order 
to compute the dimension of Tq[as{Xn^d)], we select s points po, ■ ■ ■ ,Ps-i G -^^n^d, 
construct the matrix representing Tp. (Xn^d), stack these matrices and then compute 
the rank of the resulting matrix. If the rank of this matrix is equal to min{s(D(n) + 
1), A^(n,d)}, then we can conclude that (Ts{Xn,d) has the expected dimension by 
semi-continuity. 

Remark 2.3. For simplicity, we write P" for the multi-projective space Ilto^ P"W, 
Note that J?°C'pn(d) can be identified with the set of hyperplanes in p^ln^d)-!^ 
Since the condition that a hyperplane H C p^(".d)-i contains Tp{Xn.d) is equiva- 
lent to the condition that H intersects X^ d in the first infinitesimal neighborhood 
of p, the elements of H'^2p2{d) can be viewed as hyperplanes containing Tp{Xn.d), 
where p"^ denotes the double point supported at p. Let Z be a collection of s 
double points on P" and let Xz be its ideal sheaf. Terracini's lemma implies that 
dimCTs(Xn,d) equals to the value of the Hilbert function hpn(Z, •) of Z at d, i.e., 

/ipn(Z,d) = dimi7"C'pn(d) - dmiH"lz{d). 

To prove that (JsiX^.d) has the expected dimension is equivalent to prove that 

/ipn(Z, d) = min {s [D{n} + 1] , A^(n, d)} . 

3. Numeric conditions for crs(X„_d) to be defective 

Let fc be a non- negative integer, let A = {0, • ■ • , fc — 1}, let n G N'^' and let d G N'^ 
such that d[j] = 1 for every j G {0, . . . , fc — 2} and d[fc — 1] > 2. Consider a fc-tuple 
Go of non-negative integer such that eg < d and 1 < eo[fc — 1] < d[fc — 1] — 1. We set 
ei = d-eo. For each i G Z2, let A.^ = {j g A | e,[j] ^ 0}. Let (p G (gj^^^ ^y^d[j]Vr 
For each i G Z2, let Ti{tp) be the corresponding contraction by ip: 

r.M: (g) Sym,^_^y]F, ^ (g) Sym.^yjV^,- 

Note that if rank 1^9 — 1, then rank F^ (1^9) = 1. Thus if ip has rank s, then the rank 
of Fi((^) is less than or equal to s. By definition, Fo(iy9) = Fi((^)^. 

For each i G Z2, let Ai denote imTi{if) and let Bi denote kerF^-i ((/?). Suppose 
that (/? is a rank-s partially symmetric tensor in (S'jgA ^y^"'^d[j]^j s-nd can be written 
as a linear combination of s rank-one partially symmetric tensors ipa, < a < s — 1, 
in {^jgA Sym^j^jV,-. Then Ai is the subspace of ^j^j^. Sym^.y^Vj spanned by the 
imFi((pa)'s. Note that dimimVi^ipa) = 1 for each < a < — 1. Hence if (p is 
sufficiently general and if 

(3.1) s < dim f (g) Sym^^y^vA = N{n,e,). 



then Aj has dimension 



s. 
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For each i e Z2, we define Ci^s-i as 

= FA, n Sag (^YL '^e.bjCPl^oj • 
If ip is sufficiently general and if 

(3.2) max < N{n, e,) - ^ n[j] + 1 > < s, 

i jeA, J 

then Ci,s~i is a non-degenerate, non-singular variety of dimension 

dimPA, +dimSeg [| i/eib](P^j) -dim/p^,USeg [| 1^0,^] (P"^^-; 

= s~l + dimSeg J] ;^eib](P^,) - dimP (g) Sym^^y,^, 
Vie A. / \ieA. 

= s+ ^ n[j] -iV(n,e,) 

J6A, 

> 1. 

Let us define 

= i?(n)-^(iV(n,e,)-s). 

Suppose that 

(3.3) n[A40]] > Ar(n,e,) -.s > 
for each i £ Z2. Then we obtain the inequalities and 

(3.4) L>(n) > E{n). 



Proposition 3.1. Suppose that Inequalities LS.^) and LS. 3\) are satisfied. For each 
a 6 {0, . . . , s — 1}, let [ipa] be a generic point of X^ d- Then there is a proper non- 
singular subvariety of X^ d of dimension E{n) passing through [(po], . . . , [(ySg-i]. 

Proof. Let [1^] = ^21=]) fa ■ Recall that, for each i G Z2, Bi denotes kerri_i((p). 
Because of the choice of ip, the rank of Ti{ip) is s, and hence Bi has dimension 
N{n,ei) — s for each i G Z2. Recall also that 1 < eo[fc — 1] < d[fc — 1] — 1 and 
ei = d — Gq. Thus fc — 1 G for each i G Z2. For a given rank-one partially 
symmetric tensor in (S'jeAiXAifo] ^y™^ei[j]^'i consider the associated contraction 



Syme. [j] Vj (Syme, [A, [0]] 14, [0] ) = VI [0] . 



Note that the last equality holds, because we are assuming ei[Ai[0]] = 1. The 
image of Bi under this contraction is a subspace U* of j^j with dimension at most 
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7V(n,e^)-s. So Condition implies that, for every e t'e,[fe-i] (PVfe-i), 

there exists a rank-one tensor t in ^j^j^.\^^f._iy Sym^.^^Vj = ^j^\-\{k-i} ^ such 
that (giT'I'^-il] e C,,,_i. 

For each i g Z2, we define a map tt^ : Ci^s-i lP14_i by sending [t (g) i?*'*!*^"-'^]] 
to [£]. Then we have proved that tt^ is onto. The fiber of this map is 

Seg InU*)^ X J] '^eMi^V,) = Seg (piU*)^ x ^P'^J" I ' 

\ jeA4i,...-2] / \ jeA,[i,, 

and so it has dimension 

dim V^X. [0] - dim [/* - 1 + ^ n[j] 

jeA.[i,... -2] 

= n[A,[0]] + l-iV(n,e,) + s-l+ ^ n[j] 

ieA.[i,... -2] 

^ n[j] -7V(n,e,) + s. 

jeA.[0....,-2] 

Consider now the fiber product of Cq^s-i and Ci^s-i over FVk-i- 

Co.s-i xpy,_i Ci„,_i = {{[x], [y]) e Co„s-i X Ci,s-i | 7ro([a;]) = 7ri([y])} . 

For simphcity, we write Cs-i for C'o,s-i Xrv^-i C*!,*-!- If (N;M) ^ C's-i, 
then, since 7ro([a;]) = tti ([?/]), the tensor product of x and y, which hes in 
<^ieZ2 <S)jeAi Sy™ei[j]^j 7 must he in (SIj^a Symd^] V, - Thus the Segre map 

n n ^e.M ^ P ( (8) (8) Syme.y] V, 

restricted to Cs-i embeds Cs_i in X^ d- Since the fiber of the projection from C's-i 
to FVk-i over each [£] e FVk-i has dimension J2jeAi[o -2] ^ ^(n, e^) + s, we 
obtain 

dimC,_i = E] E n[j]-7V(n,e,) + sl+n[fc-f] 

«GZ2 [jeA.[0,...,-2] J 

ieZ2 [jeA, J 

The smoothness of Cs-i follows immediately from the construction and the smooth- 
ness of the Ci s-i's. We have therefore completed the proof. □ 

By the definitions of the e/'s, for any jeA\{fc— 1}, there is a unique pair of 
index (i, a) such that j = A.Ja]. Let <& be the map 

$ : n n Syme.b]^* ^ (g)Symd[,]V/ 

ieZ2 jeAi jeA 

such that the 7'"^ component $(11;) [j] is given by 

w[A,[a]] ifj = A4a]; 

u;[Ao[-l]]u;[Ai[-l] iij=k-l. 



$(u.)[j] 
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We write F(n,eo,ei) for 

s[Din) - E{n)] + N{n, d) - 1 - ^ N{n, e,^i)[N{n, e,) - s] + H ^^(^^ «'^) " 

Theorem 3.2. Suppose that Inequalities 113. 2\) and US. 3\) are satisfied. Then 

dimcrs(^n.d) < i^(n,eo,ei). 

Proof. We keep the same notation as in the proof of Proposition 13. II By construc- 
tion, Cs_i is contained in the hnear subspace H C P ^{^^.^^ Sym^j^j V^J defined 

by the ideal generated by J2iei.2 ^ ^ TljeAi^i ^y™ei_i[j]^* • Since this is the 
quotient vector space of ©^gz^ $ Bi x IljeAi-i ^y^^ei_i[j]^* modulo $(i?o x Bi) 
and dim$(Bo x Bi) < dimSo ® Bi — Hiez Wi^^^i) ~ follows from the 

assumption that 



diuiH < 7V(n, d) - 1 - <^ dim $ 



ieZ2 



B,x n Sym,.-.b]^* 



dim<I>(So X Bi 



< iV(n,d)-l - ^iV(n,e,_i)[iV(n,e,)-s] + [J I^K e.) - s]. 

ieZa iel.2 

Thus it follows from Terracini's lemma and Proposition 13. II that the dimension of 
crs(X„_d) is bounded from above by 

dimo's(-'^n,d) < s[dimXn_d — dimCs-i] + dim(Cs_i) 

< s[dimXn,d-£'(n)] +dimi? 

< ^'(n,eo,ei), 

which completes the proof. □ 

As an immediate consequence, we obtain the following corollary: 
Corollary 3.3. Suppose that Conditions iS. 2(1 and iS. 3|J are satisfied and that 

(3.5) i^(n,eo,ei) < min{s[i:)(n) + 1], iV(n, d)} - 1. 
Then crs(X„_d) is defective. 

Remark 3.4. It is straightforward to verify that the following equality holds for any 
n, d, eo, ei and s: 

(3.6) iV(n, d) - 1 - F(n, eo, ei) = [iV(n, eo) - s] [iV(n, ei) - s] . 

Henceif (1231) holds, then 7V(n,d)-l-F(n,eo,ei) >0by(I2H). From CoroUaryES] 
it follows therefore that if n, d, eo, ei and s satisfy (|3.2p and (|3.3p and if 

(3.7) s> riV(n,d)/(i^(n) + l)l, 
then <Js{Xr^.d) is defective. 

Example 3.5. For an arbitrary positive integer a with a > 2, consider the following 
two cases: 

• n = (1, l,a), d = (1, 1,2), s = 2a+ 1; 

• n = (a, a, 2), d = (1, 1, 2), s = 3a + 2. 
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In each of these cases, let ep = (1,0,1) and ei = (0,1,1). It is immediate to 
check that p.2|) , (|3.3p and (\3.7\i hold. Hence, by Remark 13.41 we can conclude 
that <Js{Xn.d) is defective. Note that the defective cases listed above were first 
discovered by Catalisano, Gcramita and Gimigliano (see [3 for more details). 

Theorem 3.6. Let n = (n, n + a, 1), let d ~ (1, 1, d) with d > 2, Bq = (1, 0, d — e) 
with 1 < e < d — 1 and let ei = (0, 1, e). // n, d, eo, ei and s satisfy (3.2\) and 
Ii3. 3\) . then (Ts(Xn,d) is defective. 



Proof. By Corollary [33] and Remark 13.41 it is sufficient to show that 

s[D{n) + 1] - 1 - F(n, eo, ei) > 0. 
To do so, we will prove the following equality: 



s[Z?(n)+l]-l-F(n, eo,ei) 



s - iV(n, eo) + E 



s-7V(n,ei)+ E n[j] 

jeAi 



Then the conclusion follows immediately from p.2p . 
By ()3.6|) one can easily obtain 

s[D{n) + 1] - 1 - F(n, eo, ei) = [s - iV(n, eo)] [s - N{n, ei)] - iV(n, d) + s[D{n) + 1]. 

We thus need to show 

[s - N{n, eo)][s - N{n, ei)] - N{n, d) + s[D{n} + 1] 



j'eAi 



s-7V(n,eo) + ^ "[j] 

jeAo 

or equivalcntly 

\jeAo jeAi 

= iV(n,eo) E "b1 + Nin,e,) E ^[j] - E E " N{n,d). 

jGAi jeAo jeAo jGAi 

If n = [n, n + a,l), d = (1,1, d), eo = (1, 0, d — e) and ei = (0, 1, e), then 
E + E " ^(") - 1 = (« + 1) + (^1 + a + 1) - (2ri + a + 1) - 1 = 0. 



jeAo 
and 



jeAi 



iV(n,eo) E + Nin,ei) E - E E " ^("'d) 

jeAi jeAo jeAo jeAi 

= (n + l)(<i - e + l)(n + a + 1) + (ri + a + l)(e + l)(n + 1) 

-{n + l){n + a + 1) - {n + l)in + a + l){d + 1) 
= 0. 

So the desired equality holds, and hence we completed the proof. 



□ 



In order to find explicit examples of defective secant varieties by applying The- 
orem [SHI one has to solve, for given d > 2 and 1 < e < d — 1, the system of 
inequalities p.2p and p.3p for a and s. Below we will discuss two simpler cases. 
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Example 3.7. For given n, d G N, let a G {0, . . . , \n/d'\ — 1}, let n = (n, n + a, 1) 
and let d = (1,1, 2d). Consider gq = (1,0, d) and ei = (0,1, d). Then Aq = {0,2} 
and Ai = {1, 2}, and we obtain 



7V(n,eO- 5] n[j] + l 
ieAi 

Thus 



(n+l)(i+l ifi = 0; 
(n + a+l)d+l ifi = l. 



max I 7V(n, e.j) - \^ n[j] + 1 > = (ti + a + l)d + 1. 

For a given k G {1, . . . , n — ad}, let s = (n + a + l)d + /c. Then s clearly satisfies 
Condition (13.21). Moreover since 



n[Ao[0]] = n > iV(n,eo)-s = n-ad-k + l > 
n[Ai[0]] = n + a > N{n,ei) - s = n + a-k + l > 0, 



(|3.3[) is also satisfied. Therefore, it follows from Theorem 13.61 that as{Xa.d) is 
defective. 

Example 3.8. Let a be a non-negative integer. For given n,d G N, let n = 
(n, n + a, 1) and let d = (1, 1, 2d+ 1). Consider eo = (1, 0, d+ 1) and ei = (0, 1, d). 
Then Aq = {0, 2} and Ai = {1, 2}, and we obtain 

JVin,e,j 2^n[jj + i < (^^^^^w^^ ifz = l. 

Now consider the following two cases: (i) a G {0, . . . , [(n + l)/dj} and (ii) a G 
{L(n+l)/dJ + l,...,L2n/dJ}. 

(i) Let a G {0, ... , [{n + l)/dj}. Then 

rnax|7V(n,ei) - ^ n[j] + = {n+l){d+l) + 1. 

For a given k G {1,. ..,min{n + l,a(d+ 1)} - 1}, let s = (n + l)(d + 1) + fc. Then 
s clearly satisfies Condition (|3.2p . Moreover since 



n[Ao[0]] = n > iV(n, eo)-s = n+l-fc > 
n[Ai[0]] = n + a > iV(n, ei)-s = a{d+l)-k > 0, 

then Inequalities p.3p are also satisfied. Thus the defectivity of crs{Xn,d) follows 
from Theorem 13.61 



(u) Let a G { L(n + l)/dj + 1, . . . , [2n/dJ }. Then 



max { N{n, e,) - n[j] + 1 i = (n + a + l)d + 1. 



Let fc G {1, . . . , min}?! + a, 2n — ad+ 1}} and let s = (?7 + a + l)d + k. Then one can 
show that Conditions p.2p and (|3.3p are satisfied in the same way as in (i). The 
secant variety crs{Xn.d) is therefore defective by Theorem l3.6l 



There are infinitely many defective secant varieties of Segre- Veronese varieties 
with four factors, which we describe below. 
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Theorem 3.9. For given positive integers n and d with d > 2, let —1 < k < 

{nd -3n + d- 2)/(2n + 1), let n = {l,n,dn + d + k, 1), let d = (1, 1, l,d) and let 
s = 2d{n + 1) — 1. Then crs(X„^<i) is defective. 

Proof. Let eo = (l,l,0,d- 1) and let ei = (0,0,1,1). Then Ao = {0,1,3} and 
Ai = {2,3}. Since iV(n,eo) = 2d{n + 1), iV(n,ei) = 2[d{n + 1) + fc + 1] and 
k < d{n + 1) — 3 for every k e { — 1, {nd — 3ri + d — 2)/{2n + 1) — 1}, we obtain 

max I N{n, e,) - J2 "bl + 1 [ < 
Thus s satisfies p.2p . We also have 

n[A.[0]]-[A.(n,e.)-.] = {2(„^l)_,_3 ^IZ^ 

and N{n, e^) > s for each i £ Z2, and hence (|3.3p is satisfied. Note that iV(n, d) > 
s[D{n) + 1] if and only if {nd — 3n + d — 5)/(2n + 3) < fc. Now it is easy to check 
the following inequalities hold: 

N{n, d) - 1 - F{n, eo, ei) = 2fc + 3 > 
s[D{n) + 1] - 1 - F(n, eo, ei) = -{2n + l)k + nd - 3n + d - 2 > 
for every fc S { — 1, {nd ~ 3n + d ~ 2)/{27i + 1) — 1}. Hence Condition p.5|) is also 
satisfied, and thus it follows from Corollary 13.31 that crs{Xn,d) does not have the 
expected dimension. □ 

Acknowledgements. We thank Maria Virginia Catalisano for sharing with us the 
list of known defective secant varieties of Segre- Veronese varieties, which was the 
starting point of this research. 
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